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Abstract

Knowledge compilation studies the trade-off be-
tween succinctness and efficiency of different rep-
resentation languages. For many languages, there
are known strong lower bounds on the representa-
tion size, but recent work shows that, for some lan-
guages, one can bypass these bounds using approx-
imate compilation. The idea is to compile an ap-
proximation of the knowledge for which the num-
ber of errors can be controlled. We focus on cir-
cuits in deterministic decomposable negation nor-
mal form (d-DNNF), a compilation language suit-
able in contexts such as probabilistic reasoning, as
it supports efficient model counting and probabilis-
tic inference. Moreover, there are known size lower
bounds for d-DNNF which by relaxing to approx-
imation one might be able to avoid. In this paper
we formalize two notions of approximation: weak
approximation which has been studied before in the
decision diagram literature and strong approxima-
tion which has been used in recent algorithmic re-
sults. We then show lower bounds for approxima-
tion by d-DNNF, complementing the positive re-
sults from the literature.

1 Introduction

Knowledge compilation is a subarea in artificial intelligence
which studies different representations for knowledge [Dar-
wiche and Marquis, 2002; Marquis, 2015]. The basic idea
is that different types of representation are more useful when
solving reasoning problems than others. One general obser-
vation that has been made is that often representations that al-
low many reasoning tasks to be solved efficiently, such as the
classical OBDDs, are necessarily large in size whereas more
succinct representations often make reasoning hard. This
trade-off between succinctness and usefulness is studied sys-
tematically in knowledge compilation.

One canonical area where the representation languages
introduced in knowledge compilation are applied is proba-
bilistic reasoning. For example, one can translate or com-
pile classifiers based on graphical models, e.g. Bayesian net-
works, into such representations and then reason about the
classifiers by querying the compiled representation [Chan

and Darwiche, 2003; Darwiche, 2009]. If the representa-
tion is of reasonable size and can be computed efficiently,
then the overall reasoning process is efficient. The most im-
portant representation language in this setting are circuits in
deterministic, decomposable negation normal form, short d-
DNNF, which allow for efficient (weighted) model count-
ing and probability computation and are thus particularly
well suited for probabilistic reasoning [Darwiche, 2001]. d-
DNNFs are generalizations of other important languages like
OBDD [Bryant, 1986] and SDD [Darwiche, 2011] which
have also found applications in probabilistic reasoning [Chan
and Darwiche, 2003; Choi et al., 2013; Shih et al., 2019].
Due to their importance, essentially all practical implementa-
tions of knowledge compilers create d-DNNFs or sub-classes
thereof [Darwiche, 2004; Muise et al., 2012; Darwiche, 2011;
Oztok and Darwiche, 2015; Lagniez and Marquis, 2017]. For
these reasons we focus on d-DNNFs in this paper.

Unfortunately, in general, representations of knowledge
in d-DNNF are large. This had been known under stan-
dard complexity theoretical assumptions for a long time [Dar-
wiche and Marquis, 2002] and more recently there has been
a series of papers showing exponential, unconditional lower
bounds for many representation languages [Bova et al., 2016;
Beame et al., 2017; Pipatsrisawat and Darwiche, 2010;
Capelli, 2017; Beame and Liew, 2015]. Moreover, [Bova et
al., 2016] gave an explicit connection between DNNF lower
bounds and communication complexity, a subarea of theoret-
ical computer science. This makes it possible to use known
results from communication complexity to get strong uncon-
ditional lower bounds in knowledge compilation. As one con-
sequence, it is now known that the representation of many
problems in d-DNNF is infeasible.

Fortunately, this bad news is not necessarily a fatal prob-
lem for probabilistic reasoning. Since graphical models like
Bayesian networks are almost exclusively inferred by learn-
ing processes, they are inherently not exact representations of
the world. Thus, when reasoning about them, in most cases
the results do no have to be exact but approximate reason-
ing is sufficient, assuming that the approximation error can
be controlled and is small. It is thus natural in this context to
consider approximate knowledge compilation: the aim is not
representing knowledge exactly but one authorizes a small
number of errors. Very recently, Chubarian and Turéan [2020]
showed, building on [Gopalan ef al., 201 1], that this approach



is feasible in some settings: it is possible to compile approxi-
mations of so-called Tree Augmented Naive Bayes classifiers
(TAN) (or more generally bounded pathwidth Bayes classi-
fiers) into OBDDs efficiently. Note that efficient exact com-
pilation is ruled out in this setting due to strong lower bounds
for threshold functions from [Takenaga ef al., 1997] which
imply lower bounds for TANs.

In this paper, we complement the positive results
of [Chubarian and Turén, 2020] by extending lower bounds
for exact representations to lower bounds for approximations.
Similar questions have been treated before for OBDDs and
some extensions such as read-k branching programs, see
e.g. [Krause et al., 1999; Bollig et al., 2002]. We extend this
line of work in two ways: we show that the techniques used
in [Bollig et al., 2002] can be adapted to show lower bounds
for the approximation by d-DNNFs and prove that there are
functions for which any d-DNNF computing a non-trivial ap-
proximation must have exponential size.

As a second contribution, we refine the approximation no-
tion used in [Bollig et al., 2002] which we call weak approx-
imation. For this notion, the approximation quality is mea-
sured as the probability of encountering an error when com-
paring a function and its approximation on a random input.
It follows that all families of Boolean functions for which
the probability of encountering a model on a random input
is not bounded by a constant, can be approximated trivially
by constant functions (see Section 4 for details). This makes
weak approximation easy for rather uninteresting reasons for
many functions, e.g. most functions given by CNF-formulas.
Moreover, it makes the approximation quality sensitive to en-
codings, in particular the use of auxiliary variables that func-
tionally depend on the input. In general, the space of satisfy-
ing assignments is arguably badly described by weak approx-
imations. In particular, the relative error for model counting
and probability evaluation is unbounded which makes that
notion useless for probabilistic reasoning.

We remedy the situation by formalizing a new notion of ap-
proximation for knowledge compilation which we call strong
approximation. It is modeled to allow efficient counting with
approximation guarantees and is insensitive to addition of
functionally dependent auxiliary variables, see Section 4 for
the definition and detailed discussion. While not formalized
as such, it can be verified that the OBDDs of [Chubarian and
Turdn, 2020; Gopalan ef al., 2011] are in fact strong approx-
imations in our sense. We then show that weak and strong
approximations differ by exhibiting a family of functions that
has trivial weak approximations but any d-DNNFs approxi-
mating it non-trivially must be of exponential size.

We remark that approximation in knowledge compilation
has been considered before — in fact one of the earliest lines
of work in the setting was approximating Boolean functions
by Horn formulas [Selman and Kautz, 1996]. However, the
focus was different in this setting: on the one hand, Horn for-
mulas are not fully expressive so the question becomes that of
understanding the formulas that are the best out of all Horn
formulas approximating a function instead of requesting er-
ror guarantees for the approximation. On the other hand, that
line of work was less concerned with the size of the approx-
imating formulas and more with their existence. Our work

is different in these respects: since we deal with a fully ex-
pressive representation language, the main concern becomes
that of a trade-off between a quality of approximation (mea-
sured in the number of inputs in which the function at hand
and its approximation differ) and the representation size of
the approximation.

Outline of the paper. We give some preliminaries in Sec-
tion 2. We then introduce the notion of weak approximation
and show our lower bound for it in Section 3. We introduce
and discuss strong approximations next in Section 4 and show
that weak and strong approximations differ in Section 5. We
close the paper with some conclusions and open questions in
Section 6. Due to space constraints some of the proofs are not
contained in this version of the paper and will appear in the
upcoming full version.

2 Preliminaries

We describe some conventions of notation for Boolean al-
gebra. In our framework, a Boolean variable takes value 0
(false) or 1 (true), we see it as a variable over [Fy, the field
with two elements. Assignments of 7 Boolean variables are
vectors from IF5 and operations on vectors and matrices are
considered in this field. We use the notation 0" to denote
0-vector from IF;. For clarity we also use the operators —,
V and A for negation, disjunction and conjunction in IF,.
The conjunction of Boolean variables and the product in [Fp
are equivalent and used interchangeably. Single variables are
written in plain style “x” while assignments of n > 1 vari-
ables use bold style “x”. A Boolean function on 7 variables is
amapping f : F§ — F, and its models are given by f ~1(1).
Given a set of assignments S, we sometimes denote 1g the
Boolean function which set of models is exactly S. We write
f < gwhen f1(1) C ¢-!(1), which corresponds to logical
entailment. A distribution on truth assignments is a proba-
bilistic distribution D on IF}. We write Pryp [-] to denote
the probability measure when sampling an assignment x ac-
cording to D. For clarity, the uniform distribution on IF7 is
denoted U (regardless of 1), x ~ U means that any assign-
ment is sampled with probability 1/2".

Deterministic Decomposable NNF. Let X be a finite set of
Boolean variables. A circuit in negation normal form (NNF)
over X is a single output Boolean circuit whose inputs gates
are labeled with Boolean variables x from X and their nega-
tions —x and whose internal gates are fanin-2 AND and OR-
gates. The size of a circuit is the number of its gates. A circuit
over X is said to accept a truth assignment x of the variables
if it outputs 1 (true) when its inputs are set as in x. In this
case x is a model of the function represented by the circuit.
An NNF is decomposable if, for any AND-gate g, the two
sub-circuits rooted at ¢ share no input variable, i.e. if x or
—x is an input gate of the circuit rooted at the left input of g,
then neither x nor —x is an input gate of the subcircuit rooted
at the right input, and vice versa. An NNF is deterministic
if, for any OR-gate g, the sets of assignments accepted by
the two subcircuits rooted at the children of g are disjoint.
A decomposable NNF is called a DNNF; if in addition it is
deterministic, then it is called a d-DNNF.



Rectangle Covers. Let X be a finite set of Boolean vari-
ables. A combinatorial rectangle over X (more succinctly a
rectangle) is a Boolean function r defined as the conjunction
of two Boolean functions p1 and p over disjoints variables of
X. That is, there is a partition (X7, X5) of X such that p; and
02 are defined over X; and X, respectively, and r = p1 A pa.
We call (X1, Xp) the partition of r. The rectangle is balanced
if | X]/3 < |X;1] < 2|X|/3 (the same bounds hold for |X3]).
A rectangle cover of a Boolean function f is any disjunction
of rectangles over X (possibly for different partitions of X)
equivalent to f, ie., f = \/lK: 1 *i where the 7; are rectangles.
The size of a cover is the number K of its rectangles. A rect-
angle cover is called balanced if its rectangles are balanced
and it is said disjoint if no two rectangles share a model. Note
that any function f has at least one balanced disjoint rectangle
cover, because it can be written as a DNF in which every term
contains all variables. There is a tight link between the small-
est size of a balanced disjoint rectangle cover of a function
and the size of any equivalent d-DNNF:

Theorem 1. [Bova et al., 2016] Let D be a d-DNNF encod-
ing a function f. Then f has a balanced disjoint rectangle
cover of size at most the size of D.

Theorem 1 implies that, to show a lower bound on the size of
any d-DNNF encoding f, it is sufficient to find a lower bound
on the size of any balanced disjoint rectangle cover of f.

3 Large d-DNNF for weak c-approximations

In this section, we start by considering the form of ap-
proximation that has been studied for different forms of
branching programs before, see e.g. [Krause et al., 1999;
Bollig et al., 2002]. To differentiate it from other notions,
we give it the name weak approximation.

Definition 1 (Weak approximation). Let D be a distribution
on the truth assignments to X and ¢ > 0. We say that f is
a weak e-approximation of f (or weakly e-approximates f)
with respect to D if

Pr[f() £ f(x)] <e

When D is the uniform distribution ¢/, then the condition
of weak e-approximability is equivalent to |[{x : f(x) #
FO)} < e2n.

Note that weak e-approximation is only useful when ¢ <
1/2. This is because every function has a trivial (1/2)-
approximation: if Pry.p [f(x) = 1] > 1/2, then the con-
stant function f; := 1is a (1/2)-approximation, otherwise
this is the case for fy := 0. Note that it might be hard to de-
cide which of the cases is true, but in any case we know that
the approximation ratio of one of the constants is good.

Bollig et al. [2002] used a discrepancy argument to
show that there are classes of functions such that any e-
approximation w.r.t. I requires exponential OBDD size. We
lift their techniques to d-DNNF showing that the same func-
tions are also hard for d-DNNF.

Theorem 2. Let 0 < € < 1/2, there is a class of Boolean
functions C such that, for any f € C on n variables, any
d-DNNF encoding a weak e-approximation of f w.r.t. U has

size 200(1)

Since d-DNNFs are strictly more succinct than
OBDDs [Darwiche and Marquis, 2002], Theorem 2 is
a generalization of the result on OBDDs in [Bollig ef al.,
2002]. However, since the proof is almost identical, differing
near the end only, we defer the technical details to the full
version. We here only introduce the notion of discrepancy
that is central to the proof and will be useful later.

The discrepancy method. We want to use Theorem 1
to bound the size of a d-DNNF encoding f a weak é-
approximation of f w.r.t. some distribution. To this end we
study disjoint balanced rectangle covers of f . Letrbea
rectangle from such a cover. r can make false positives on
f, i.e. have models that are not models of f. Similarly,
true positives are models shared by r and f. The discrep-
ancy Disc (f,r) of f on r is the difference between the num-
ber of false positives and true positives, normalized by the
total number of assignments: Disc (f,7) = 2 |[r~'(1) N
FH W) =1r' ()N f1(0)||. A small discrepancy indicates
that r has few models or that it makes roughly as many false
positives as true positives on f. If we obtain a global bound
for the discrepancy of f on any rectangle from a cover of f ,
then we can use the following lemma to prove a bound on the
size of the cover of f and use Theorem 1 to convert it into a
bound on the size of any d-DNNF encoding f.

Lemma 1. Let f be a Boolean function on n variables and let
f be a weak e-approximation of f w.rt. U. Letf = \/]Ile Tk
be a disjoint balanced rectangle cover of f and assume that
there is an integer A > 0 such that Disc (f,r) < A/2" for
forallry. Then K > (|f1(1)] —e2™)/A.

Proof. Wehave |f # f| = |{x: f(x) # f(x)}]
='W f O+ 110N )
= 1F @O0 Ny 8 O+ 17O N U, ' )

K
=1 = XA OO =l ) nfH o))
k=1
- K . -
> |f ()] = 2"} Dise (fore) > |f 7 (1)] - KA
where the last equality is due to the rectangles being disjoint.

The weak e-approximation w.r.t. U gives that |f # f| < e2",
which we use to conclude. O

With Lemma 1, the proof of Theorem 2 boils down to
showing that there are functions such that for every bal-
anced rectangle , the discrepancy Disc (f, ) can be suitably
bounded, as shown in [Bollig et al., 2002].

4 Strong s-approximations

In this section, we will discuss some shortcomings of weak
approximations and propose a stronger notion of approxi-
mation that avoids them. Let fy be the constant O-function.
We say that a function is trivially weakly e-approximable
(w.r.t. some distribution) if fy is a weak e-approximation.
Considering approximations with respect to the uniform dis-
tribution, it is easy to find classes of functions that are trivially
weakly approximable.



Lemma 2. Lete > 0and 0 < a < 1. Let C be a class of
functions such that every function in C on n variables has at
most 2" models. Then there exists a constant ng, such that
any function from C on more than ng variables is trivially
weakly e-approximable w.r.t. the uniform distribution.

Proof. Take ny = ﬁlog(%) and choose f any func-
tion from C on n > mngp variables. Then [{x : f(x) #
fo(x)} = |f1(1)] < 2%" < €2". Therefore fy is a weak
e-approximation (w.r.t. the uniform distribution) of any func-
tion of C on sufficiently many variables. O

We remark that similar trivial approximation results can be
shown for other distributions if the probability of a random
assignment w.r.t. this distribution being a model is very small.

As a consequence, weak approximation makes no sense
for functions with “few” (or “improbable”) models. However
such functions are often encountered, for example, random
k-CNF with sufficiently many clauses are expected to have
few models. Furthermore, even for functions with “many”
models, one often studies encodings over larger sets of vari-
ables. For instance, when using Tseitin encoding to transform
Boolean circuits into CNF, one introduces auxiliary variables
that compute the value of sub-circuits under a given assign-
ment. Generally, auxiliary variables are often used in prac-
tice since they reduce the representation size of functions, see
e.g. [Biere ef al., 2009, Chapter 2]. The resulting encodings
have more variables but most of the time the same number of
models as the initial function. Consequently, they are likely
to be trivially weakly approximable from Lemma 2. For these
reasons we define a stronger notion of approximation.

Definition 2 (Strong approximation). Let D be a distribution
of the truth assignments to X and ¢ > 0. We say that f is
a strong e-approximation of f (or strongly e-approximates f)
with respect to D if

Pr[F(x) £ F(X)] <e Pr[f(x) =1].

When D is the uniform distribution ¢/, then the condition
of strong approximability is equivalent to [{x : f(x) #

F()}| < elf1(1)|. Itis easy to see that strong approxi-
mation does not have the problem described in Lemma 2 for
weak approximation. We also remark that strong approxima-
tion has been modeled to allow for efficient counting. In fact,
a d-DNNF computing a strong e-approximation of a function
f allows approximate model counting for f with approxima-
tion factor .

Strong approximation has implicitly already been used in
knowledge compilation. For instance it has been shown in
[Gopalan er al., 2011] — although the authors use a different
terminology — that for ¢ > 0, any Knapsack functions on n
variables has a strong e-approximation w.r.t. I/ that can be
encoded by an OBDD of size polynomial in 7 and 1/¢. The
extension into TANs [Chubarian and Turdn, 2020] is also for
strong approximations. These results are all the more signifi-
cant since we know from [Takenaga et al., 1997] that there ex-
ist threshold functions for which exact encodings by OBDD
require size exponential in 7.

Obviously, a strong approximation of f w.r.t. some dis-
tribution is also a weak approximation. Thus the statement
of Theorem 2 can trivially be lifted to strong approximation.
However the hard functions from Theorem 2 necessarily have
sufficiently many models: if we are to consider only functions
with few models, then they all are trivially weakly approx-
imable. Yet we prove in the next section that there exist such
functions whose exact encoding and strong e-approximation
encodings by d-DNNF require size exponential in #. Our
proof follows the discrepancy method but relies on the fol-
lowing variant of Lemma 1 for strong approximation.

Lemma 3. Let f be a Boolean function on n variables and let
f be a strong e-approximation of f w.r.t. U. Letf = \/5:1 Tk
be a disjoint balanced rectangle cover of f and assume that
there is an integer A > 0 such that Disc (f, 1) < A/2" for
forallry. Then K > (1 —¢)|f1(1)|/A.

Proof. The proof is essentially the same as for Lemma 1,
differing only in the last lines where we use | f#f | <
el £ (1) rather than |f £ f| < €2 o

5 Large d-DNNF for strong c-approximations

In this section, we show a lower bound for strong approxima-
tions of some functions that have good weak approximations
by small d-DNNFs. The functions we consider are charac-
teristic functions of linear codes which we introduce now: a
linear code of length n is a linear subspace of the vector space
IF5. Vectors from this subspace are called code words. A lin-
ear code is characterized by a parity check matrix H from
IF}"™" as follows: a vector x € IF} is a code word if and
only if Hx = 0" (operations are modulo 2 in IF}) . The
characteristic function of a linear code is a Boolean function
which accepts exactly the code words. Note that the char-
acteristic function of a length n linear code of check matrix
H has 2"~ *(H) models, where rk(H) denotes the rank of
H. Following ideas developed in [Duris er al., 2004], we fo-
cus on linear codes whose check matrices H have the fol-
lowing property: H is called s-good for some integer s if
any submatrix obtained by taking at least /3 columns' from
H has rank at least s. The existence of s-good matrices for
s = m — 1 is guaranteed by the next lemma.

Lemma 4. [Duris et al., 2004] Let m = n/100 and sample a
parity check matrix H uniformly at random from IF}! X" Then

H is (m — 1)-good with probability 1 — 2~ (1),

Our interest in linear codes characterized by s-good matri-
ces is motivated by another result from [Duris et al., 2004]
which states that the maximal size of any rectangle entailing
the characteristic function of a such code decreases as s in-
creases.

Lemma 5. [Duris et al., 2004] Let f be the characteristic
function of a linear code of length n characterized by the s-

good matrix H. Let v be a balanced rectangle such that r <
f. Then |r~1(1)| < 2"%,

'Duris et al. [2004] limit to submatrices built from at least 1/2
columns rather #/3; however their result can easily be adapted.



Combining Lemmas 4 and 5 with Theorem 1, one gets the
following result that was already observed in [Mengel, 2016]:

Theorem 3. There exists a class of linear codes C such that,
for any code from C of length n, any d-DNNF encoding its
characteristic function has size 20(n),

In the following, we will show that not only are character-
istic functions hard to represent exactly as d-DNNF, they are
even hard to strongly approximate.

Given the characteristic function f of a length » linear code

of check matrix H, f has exactly 2"~™(H) models. When
rk(H) is at least a constant fraction of 1, f satisfies the con-
dition of Lemma 2, so for every ¢ > 0 and n large enough, f
is trivially weakly e-approximable (w.r.t. the uniform distribu-
tion). However we will show that any strong e-approximation
f of f (w.rt. the uniform distribution) only has d-DNNF en-
codings of size exponential in 7.

To show this result, we will use the discrepancy method:
we are going to find a bound on the discrepancy of f on any
rectangle from a balanced disjoint rectangle cover of f . Then
we will use the bound in Lemma 3 and combine the result
with Theorem 1 to finish the proof.

Note that it is possible that a rectangle from a disjoint rect-
angle cover of f makes no false positives on f. In fact, if
this is the case for all rectangles in the cover, then f < f.
In this case, lower bounds can be shown essentially as in the
proof of Theorem 3. The more interesting case is thus that
in which rectangles make false positives. In this case, we as-
sume that no rectangle makes more false positives on f than
it accepts models of f, because if such a rectangle r exists in
a disjoint cover of f , then deleting 7 leads to a better approx-
imation of f than f. Thus it is sufficient to consider approx-
imations and rectangle covers in which all rectangles verify
)N FID] > (1) A F0)]

Definition 3. Let v be a rectangle. A core rectangle (more

succinctly a core) of r w.rt. f is a rectangle 7core With the
same partition as r such that

a) Teore < f and teore < 1,

b) Tcore is maximal in the sense that there is no v' satisfying
a) such that |r' ' (1)| > |rad.(1)].
Note that if ¥ < f then the only core rectangle of r is 7 itself.
Otherwise r may have several core rectangles. We next state a
crucial lemma on the relation of discrepancy and cores whose
proof we defer to later parts of this section.

Lemma 6. Let f be the characteristic function of some length
n linear code, let v be a rectangle with more true positives
than false positives on f, and let o, be a core rectangle of ¥
with respect to f, then

. 1,
Disc (f,?’) S 27|rcolre(1)|'

Lemma 6 says the following: consider a rectangle 7¢ore <
f which is a core of a rectangle r. If ¥ accepts more models of
f than r¢ore, then for each additional such model r accepts at
least one false positive. With Lemma 6, it is straightforward
to show the main result of this section.

Theorem 4. Let 0 < ¢ < 1. There is a class of Boolean
Sfunctions C such that any f € C on n variables is trivially
weakly e-approximable w.r.t. U but any d-DNNF encoding a

strong e-approximation w.r.t. U has size 20n),

Proof. Choose C to be the class of characteristic functions for
length # linear codes characterized by (m — 1)-good check
matrices with m = n/100. Existence of these functions as
n increases is guaranteed by Lemma 4. Let f be a strong
e-approximation of f € C w.r.t. I and let \/,If:1 ¢ be a rect-
angle cover of f . Combining Lemma 6 with Lemma 5, we
obtain Disc (f, ) < 27"2"~2("=1) We then use Lemma 3
to get K > (1 —¢)22""|f-1(1)|/4. The rank of the
check matrix of f is at most m so |f1(1)| > 2"~ and
K> (1—-¢)2"/4 = (1—¢)2°0"). We use Theorem 1 to
conclude. O

Note that Theorem 4 is optimal w.r.t. € since for ¢ = 1 there
is always the trivial approximation by the constant O-function.

It remains to show Lemma 6 in the remainder of this sec-
tion to complete the proof of Theorem 4. To this end, we
make another definition.

Definition 4. Let (X1, X3) be a partition of the variables
of f. A core extraction operator w.r.t. f is a mapping Cy that

maps every pair (S1,S2) of sets of assignments over X1 and
Xo, respectively, to a pair (S}, S}) with

a) S} € S1and S, C Sy,
b) assignments from S| x Sl are models of f,
¢) if f has no model in S1 X Sy, then S/1 = 5/2 =Q,

d) S| and S}, are maximal in the sense that for every Si C
S1 and every S} C S, respecting the properties a), b)
and c), we have |S}|S5| > [S}|S5].

Intuitively, S} and S} are the largest subsets one can ex-
tract from Sq and Sy such that assignments from S} x S} are
models of f. Note that, similarly to rectangle cores, the sets
Si and S/, are not necessarily uniquely defined. In this case,
we assume that C ¢ returns an arbitrary pair with the required
properties. We will now show that core extraction operators
yield core rectangles, as their name suggests.

Claim 1. Let r := pj A p2 be a rectangle w.r.t. the partition
(X1, X2) and denote (A, B) := Cf(pl‘l(l),pz'l(l)). Then
the rectangle 14 N\ 1p is a core rectangle of v w.r.t. f.

The proof of Claim 1 and those of several other claims in

this section are deferred to the full version due to space con-
straints. Let H be the m X n check matrix of the linear code
characterized by f.
Claim 2. Let r := p1 A p2 be a rectangle w.r.t. the partition
(X1,Xp). Let (A,B) := Cf(pl'l(l),pz‘l(l)) and consider
the core rectangle tcore := 1o A1p. Let A = p;'(1)\ A
and B = p;'(1) \ B. Then all assignments from A x B and
A x B are false positives of r on f.
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Figure 1: An iterative core extraction with [ = 2

Proof. Index the n columns of H with the variables in X (xq
for column 1, x; for column 2, and so on). Let Hy (resp. Hp)
be the matrix obtained taking only the columns of H whose
indices are in X; (resp. X5). Obviously all vectors in A X B
and A X B are models of 7, but we will prove that they are
not models of f. For every a’ € A there is b € B such that
H(a',b) = Hya' + Hyb # 0™, otherwise the core rectangle
would not be maximal. By definition of A and B, given a €
A, for all b € B we have H(a,b) = Hja+ Hyb =

so Hyb is constant over B. Therefore if Hja’ # Hb for
some b € B then Hja' # H,b for all b € B. But then no
vector from {a’} X B can be a model of f and since a’ has
been chosen arbitrarily in A, all vectors from A X B are false
positives. The case for A x B follows analogously. O

For A and B defined as in Claim 2, we know that the as-
signments from A X B are models of f, and that those from
A X Band A x B are not, but we have yet to discuss the case
of A x B. There may be additional models in this last set. The
key to proving Lemma 6 is to iteratively extract core rectan-
gles from 11 A Tl and control how many false positives are
generated at each step of the iteration. To this end we define

the collection ((A;, B; )) as follows:

o Ag=pi'(1 )andBo=pz (1).

o fori > 1, (A;,B;) = Cf(AO\Ul 147, BO\Ul 1B)).

e Aj.q1and By 4 are empty, but fori < [ 4 1, neither A; nor

B; is empty.

Denoting A; := Ag \ U 14 and B; == By \ U] 1 Bj, we
can write (A;, B;) = Cf( i_1, Bi_1) (note that Ag = Ag and
By = Bp). Basically, we extract a core (I4, Alp,) from r,
then we extract a core (14, Al,) from (17 ATy ), and so
on until there are no models of f leftin A; x Bj, in which case
no core can be extracted from (1z A lp ) and C¢(A B))
returns (@, D). The construction is illustrated in Figure 1.
Claim 3. For any i > 0, all assignments from F; := (A; X
B;) U (A; x B;) are false positives of  on f. Furthermore
for every i # jwe have F;N F; = .

Claim 4. The function \/5:1 (ﬂAi A 1g,) is a disjoint rectan-
gle cover of r A\ f. Furthermore, if v is balanced, so are the
rectangles from \/fz1 (14, A1g,).

With Claim 3 and Claim 4, we can now prove Lemma 6.

Proof of Lemma 6. Claims 3 and 4 show that [J!_, (A; x B;)
= r (1) N f(1) and Uiy ((A; x B;) U(A; x B;)) C
r1(1) N £ 1(0) and that these unions are disjoint. First we
focus on the models of f covered by 7.

l
)N f)] = Z_ilA il1Bil = Iréore (1)] + ;\AiIIBiI

where rcore = T4, Alp, is the first (therefore the largest)
core rectangle extracted from » w.rt. f. Now focus on the
false positives of 7 on f

)N £ )] > Yo, (JAlIBi] + |4 |Bi])

1
>y . (JAil|Biga] + |Aia|IBil)
The maximality property of C; implies [A;||B;l
|Ai1]|Bi1], and it follows that | A;|[Bi1| + [Ai1]|Bi|
Aiy1]|Bita|. Thus
)N )] = 1) N f )] = [réore (D]
By assumption, r accepts more models of f than false
positives so Disc (f,7) = (|r'(1)n f1(1)] —|r1(1) N
£-1(0)])/2" and the lemma follows directly. O

AV

6 Conclusion

In this paper, we have formalized and studied weak and strong
approximation in knowledge compilation and shown func-
tions that are hard to approximate by d-DNNFs with respect
to these two notions. In particular, we have shown that strong
approximations by d-DNNFs generally require exponentially
bigger d-DNNF representations than weak approximations.

Let us sketch some directions for future research. One
obvious question is to find for which classes of functions
there are efficient algorithms computing approximations by
d-DNNFs. In [Chubarian and Turan, 20201, it is shown that
this is the case for certain Bayesian networks. It would be in-
teresting to extend this to other settings to make approxima-
tion more applicable in knowledge compilation. Of particular
interest are in our opinion settings in which models are typi-
cally learned from data and thus inherently inexact, e.g. other
forms of graphical models and neural networks.

Another question is defining and analyzing more approx-
imation notions beyond weak and strong approximation. In
fact, the latter was designed to allow approximate (weighted)
counting as needed in probabilistic reasoning. Are there ways
of defining notions of approximation that are useful for other
problems, say optimization or entailment queries?

A more technical question is if one can show lower bounds
for non-deterministic DNNFs. In that setting, different rect-
angles may share the same false positives in which case our
lower bound techniques break down. Are there approaches to
avoid this problem?
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7 Appendices
8 Proof of Theorem 2

Theorem 2. Let 0 < € < 1/2, there is a class of Boolean
Sfunctions C such that, for any f € C on n variables, any d-
DNNF encoding a weak e-approximation of f w.r.t. the uni-

form distribution has size 22,

The hard functions we study are particular bilinear forms.

Generalities on bilinear forms. A function f : F} X
IF5 — IF, is a bilinear form if it is linear in each of its two
arguments. Every bilinear form is characterized by a matrix
A from F} " by the relation f(x,y) = x' Ay. Such a func-
tion has 2271 (1 — 27%(4)) models (there are 2" — 2""~1k(4)
vectors y such that Ay # 0" and for each such Ay there are
2"=1 vectors x such that x" Ay # 0). Bilinear forms can
be seen as Boolean functions from {0,1}%" to {0,1}, yet we
find convenient to keep the notation f(x,y) and refer to two
sets of n variables X and Y.

Ajtai Lemma. A result of particular interest is the follow-
ing lemma due to Ajtai [?]. It states that for n large enough,
there exist matrices with a lower bound on the rank of any
large enough submatrix.

Lemma 7. [?] Take 0 < 6 < 1/2 such that §log(1/6)* <

2716 There exist exponentially many matrices of size n X n
for which each square submatrix of size at least én X on has
rank at least 8'n, where &' = 6 /(256 log(1 /5))2.

Despite the authorized values for § and &' being ridiculously
small, Ajtai’s lemma is essential to prove Theorem 2. The
proof of the lemma is technical and not reproduced here. We
refer the reader to [?] for the detailed proof.

The discrepancy method. In order to prove Theorem 2, we
use the discrepancy method as in [Bollig et al., 2002]: for f

a bilinear form and f a weak e-approximation w.r.t. U, we
bound the discrepancy of f w.r.t. any rectangle from a bal-

anced disjoint cover of f , then we lift this bound to the dis-

crepancy of f with respect to f . Bollig et al. use the dis-
crepancy method to reach a result similar to Theorem 2 for
OBDD while we prove the stronger variant for d-DNNF.

Lemma 8. [?] Let f : X x Y — {0,1} be a bilinear form
characterised by the matrix A, and let v be a rectangle over
X UY w.rt. the partition (X,Y), then

Disc (f,7) < /Pry [Ay = 0"] =2

Proof. Letg: X xY — {—1,+1} be defined by g(x,y) =
2f(x,y) — 1 and r(x,y) = p1(x)p2(y). Recall the def-
inition of discrepance Disc (f,7) = || (1) n f1(1)] -
[r1(1) N £71(0)[|/2*" and observe that it is equal to
Proy [r(x,y)g(xy) =1] = Pryy [r(x,y)8(xy) = ~1] .

where Pryy [-] is the probability measure where x and y are

—rk(A)/2

sampled uniformly at random. Switching to the expectation:

Disc (f, |Ex,y x,y)p1(x)p2(y )H
Je
|

P2y
=|Ex[ g y)p2(y) p1(x)] |
< Ex[Ey [g(x,y)02(y)]

< (B [y s y)paty)?])

Where the last inequality is the Cauchy-Schwarz bound. Let
be y’ ani.i.d. copy of y

Ex [Ey 800 Y)p2(y)]]

= Ex [Ey [300 Y)02(y)] Ey [2(x¥)o2(y)] |
= Eyy [Ex [s(x¥)8(x )] p2(y)p2(y")]
Let us study Ex [¢(x,y)g(x,y’)] depending on y and y’

e when Ay = Ay, g(x,y)g(xy) =
Ex[g(x y)g(xy)] =1

e when Ay # Ay’, say Ay = uand Ay’ = v, then

1, a fortiori

Ex [8(x y)8(x,y")]
= Pry |x { u= xTv} Pry [xTu # xTv]

= Pry {XT(u—f—v) = 0} — Pry {XT(U-l—V) = 1} =0

so Bx[g(xy)gxy)] = 1Ay = Ay
2

B[y Ry )] < Pryylay=ay] =

Pry [Ay = 0"]. Combine this result with the bound for

Disc (f, ) to obtain

Disc (f,r) < \/m — o—tk(4)/2

and

O

Conditioning. Lemma 8 requires the partition of the rect-
angle to be (X, Y). In general, there is no obligation for such
a constraint, so the lemma has little interest alone. We intro-
duce the conditioning method thanks to which it becomes ap-
plicable. Let a be an assignment of some subset of variables
S C X UY. We say that we condition f on a when we fix
inputs from S as in a and look at the function on the 21 — |S|
variables left. We note f, : {0,1}%" ISl — {0,1} the
Boolean function resulting from conditioning f on a. Con-
ditioning a rectangle r on a gives another rectangle r,. We
adopt the notations Sy = SN X and Sy =SNY.

Lemma 9. [Bollig er al., 2002] Let r be a balanced rectangle
over XUY. Forany § < 2/3 there exist S C X UY such
that

i. both Sx and Sy have size én,

ii. for any assignment a of S, the function r, resulting from
conditioning v on a is a rectangle on (X UY) \ S with re-
spect to the partition (Sx, Sy).



Proof. Let (X1 U Y1, X; UY?) be the partition of ¥ := p1 A
02, where X = X;UXp and Y = Y] UY,. Because r
is balanced it holds that ||X; U Y| — [X; UY,|| < 2n/3.
Assume without loss of generality that |X;| < 2n/3 and
|Yo| < 2n/3. Consider C € X and R C Y such that
X, C X\ CandY; C Y\ R. Wecan find such C and R of
size on forany 6 < 2/3. Let S = C U R (therefore Sy = C
and Sy = R). Conditioning r on any assignment a of S gives
ra = (01)a A (02)a Where (p1)a and (p2)a are defined on Sx
and Sy respectively. So r, is a rectangle with respect to the
partition (Sx, Sy). O

Now the partition of r, matches the input spaces of f,. The
next lemma states that if the discrepancies of f, with respect
to r, for every a share a common upper bound, then the same
upper bound holds for the discrepancy of f with respect to r .
Lemma 10. [Bollig ez al., 2002] Let f : X x Y — {0,1} and
let v be a balanced rectangle over X UY. For some given 0 <
0 < 2/3, let Sx and Sy be the subsets given by Lemma 9. If
forall assignments a of S := Sx U Sy there is Disc (fa, 7a) <
B, then Disc (f,7) < B.

Proof. Let Z = X UY. We start from the probabilistic defi-
nition of the discrepancy

Disc (f,7) = |Prz [f(z) = 1and r(z) = 1]
—Pr, [f(z) =0andr(z) =1] |

Use Lemma 9 to get S and denote z’ the restriction of z to
Z \ S. Let p, be the probability to sample the assignment a
of S uniformly at random.

Disc (f,r) = ‘ZPrZ/ [fa(z)) =71a(2)) =1] pa
—ZPrZ/ fa(2') #ra(2') =
< ZDISC (fasra)pa < B

One last problem is that after conditioning f on a, the re-
sulting function f, is not necessarily a bilinear form. How-
ever this last lemma shows that we can lift it to a bilinear form
introducing additional variables.

Lemma 11. [Bollig et al., 2002] Let f : X x Y — {0,1} be

a bilinear form on 2n variables characterised by the n X n

matrix H.

e For(0 < 6 <1, let C be a subset of X and let R be a subset
of Y, such that |C| = |R| = én.

e Consider an arbitrary assignment a of (XUY)\ (CUR)

and condition f on a.

o Let A be the énxdn submatrix of H obtained taking rows

indexed in R and columns indexed in C.

Given two additional variables e, and e, let C = {61} uc
and R = {e2} UR. There is a bilinear form fa CxR—
{0,1} such that f, results from conditioning faon (e e =1,

> = 1). Furthermore the matrix A characterising fa has
rank tk(A) > 1k(A).

Proof. By definition for x,y € X x Y, f(x,y) = x' Hy.
Write x = (xc X¢) (resp. y = (yRr yg)) to distinguish the
entries of x (resp. y) that belongs to C (resp. R). By con-
ditioning f on a, we fix the values of x and y. We can
write fa(xc,yr) = xLAyr +xv+u'yg + A for some
vectors u, v and a value A, all three depending only of the

variables fixed in a. Define fa {0,1}2"+2 — {0,1}

by fa(x,y') = x'T Ay’ where f, is a bilinear form (while
fa was not necessarily). Calling e; (resp. ep) the first vari-
able of x’ (resp. y’) we do find that when x' = (1 x¢) and

y = (1yg) there is fa(x',y") = fa(xc,yr). Furthermore
it is immediate that rk(A) > rk(A). O

We now have all the necessary tools to prove this section’s
main result.

Proof of Theorem 2. According to Ajtai’s lemma, for n large
enough and § small enough, there are exponentially many ma-
trices from IF3*" such that any én x dn submatrices have
rank at least 6'n. The bilinear forms corresponding to such
matrices constitute the class C. Let f € C characterised by
the n X n matrix H, let f be an weak e-approximation of f,

and let \/,If:l . be a disjoint balanced rectangle cover of f .
Let r be any rectangle from this cover. We will show that f
has small discrepancy with respect to 7.

Let S be as given by Lemma 9 for the rectangle r and the
value 6. Note C = XNSand R =YNS. |C| = |R| = dn
so the submatrix of H obtained choosing columns indexed
from C and rows indexed from R has rank > é'n. Conse-
quently rk(H) > &'nand |f (1) = 221 (1 — 2~ *(H)) >
22”_1(1 — Let a be an arbitrary assignment of
(XUY)\ S, denote f, the function f conditioned on a and
ra the rectangle » conditioned on a. Lemma 9 ensures that r,
is a rectangle for the partition (C, R).

fa is not necessarily bilinear but through Lemma 11 we can

work with its bilinear extension f, : C x R — {0,1} (where
C = {&}UCand R = {e;} UR) characterised by the
(6n +1) x (6n + 1) matrix A of rank > &'n. Now the rect-
angle r, is not defined on the same input space as fa but we
can consider the extension 7, : CUR — {0,1} defined as
7a(e1,x,e2,y) = ra(x,y) when e; = e; = 1 and 0 other-
wise. 7, is a rectangle with respect to the partition (é, I/{\) o}
by Lemma 8,

2—5/7’1).

Disc (ﬁ,?a) S zfrk(A)/Z S 275/71/2

Observe that A N )] = (1) 0 £ (1)] and
7 (1) N 0] = 5! (1) N £7(0)] s that

~ 1.
Disc (fa, ra) = EDlsc (fasra)
The assignment a has been chosen arbitrarily so

Disc (fa, 7a) < 279"/2/4 holds for any a. A fortiori,

it holds from Lemma 10 that Disc (f,r) < 2-9n/2 /4
This proves that the discrepancy of f with respect to any
rectangles from a cover of f is bounded by the same value



2-9'1/2 /4 We finally apply Lemma 1 to obtain our lower
bound on K:

271 _ 275/7171 —¢

|f() 27 —e
K= 2—0"n/2-2

- 2—8'n/2-2 =

S 90/n/2+2 (1 _ E) _o-d'n/242
- 2

&' is a constant defined independently of n (because & de-
pends solely on § which is defined independently of ) so
this proves that the number of disjoint balanced rectangles in

the cover of f is 20(") We use Theorem 1 to conclude. [

9 Missing proofs of Section 5

Lemmad. Let m = n/100 and sample a parity check matrix
H uniformly at random from 5", Then H is (m — 1)-good

with probability 1 — 2~ (1),

Proof. Letcq,- -, ¢y, be the column vectors of H. Sampling
H uniformly at random is equivalent to sampling the ¢;s uni-
formly at random from F}' independently.

H is (m — 1)-good if and only if any submatrix made of >
n/3 columns from H spans a space of dimension > m — 1.
The later condition is satisfied if and only if, for any two dis-
tinct x, y from IFJ' \ {0™}, and any I C [n] of size n/3, it
holds that ¢; ' x # O or¢; 'y # O for some i € I.

Fix x,y distinct and both # 0™. Let Y; be the random in-
dicator variable taking value 1 if ¢; is sampled such that
¢ x = ciTy = 0, and 0 otherwise. Note S = YI' ; Y;.
There is Pre, [Y; = 1] = 1/4 and E [S] = n/4 by linearity of
expectation.

If the sampled matrix H renders S > n/3 true, then H is not
(m — 1)-good. The Y;s are independent variables so using
Hoeffding bound we have

Pry [S >n/3] =Pry [S—E[S] > n/12]
< exp(—2(n/12)%/n) = exp(—n/72).

H is (m — 1)-good if and only if S < #/3 holds for any x,

y. There are (2m2_1) < 22" choices for these two vectors so
by union bound H is (m — 1)-good with probability at least

1— 22me—n/72 —1— 2n/508—n/72 =1— 2_0(”). O

Lemma 5. Let f be the characteristic function of a linear
code of length n characterized by the s-good matrix H in
IF}"". Let r be a balanced rectangle such that v < f. Then

(1)) < 2m

Proof. Let X = {x1,---,x,} be the variables of f and
(X3, X7) be the partition of X for r and note r = p1 A pp.
Index the columns of H with the Boolean variables (x; for
column 1, x; for column 2, and so on) and denote H; and H»
the submatrices obtained keeping the columns indexed in X
and X, respectively. H is s-good and the partition (X1, X2)
is balanced so rk(H7) > s and rk(Hp) > s.

Take x a model of r and denote x; and xp its restriction to
X1 and X, respectively. x;1 and x are models of p; and p
respectively. Since r < f, x is a model of f and it holds

that Hx = Hixq + Hoxo = 0. Note w = Hjyxp, then
any x) model of p; has to satisfy Hix; = w (otherwise
r % f). Consequently there are 21Xi|=k(H1) < 2lXil=s mod-
els of p;. Symmetrically pp has < 21%2[=s models. So  has
< 21Xl H|Xa|=2s — 2n=2s pydels. O

Theorem 3. There exists a class of linear codes C such that,
for any code from C of length n , any d-DNNF encoding its
characteristic function has size 20(n),

Proof. Let m = n/100. Lemma 4 ensures the existence of

(m — 1)-good matrices in IF}'*" for n large enough. Let C

be the class of linear codes characterized by these matrices.
Choose a code in C for the (m — 1)-good matrix H and de-
note f its characteristic function. Models of f are exactly the

truth assignments mapped to 0" by H so f has 2n—tk(H) >
2" models. Let \/szl ¢ be a disjoint balanced rectangle
cover of f. It holds that |f *1(1)| = XK, [re'(1)]. We know

from Lemma 5 that any r; has < 2”725 = 4 x 2""~2" models
so [f1(1)] < 4K x 2"=2"_ Using the lower bound on the

number of models of f we obtain K > %Zm. We finally use
Theorem 1 to conclude. O

Claim 1. Let r := p1 A p be a rectangle w.r.t. the partition
(X1, X2) and denote (A, B) := Cf(pl‘l(l),pz'l(l)). Then
the rectangle 14 N\ 1 is a core rectangle of v w.r.t. f.

Proof. The rectangle rg := 14 Alp is defined w.r.t. the same

partition as .

e ACp;'(1)and BC p;'(1)sorg <r.

o All assignments from A X B are models of f sory < f.

e Assume 7y is not maximal (as defined in Definition 3),
then there exist A’ C p;'(1) and B' C p;'(1) such
that ¥/ := 14 Alp < fand | 1(1)] > |r;'(1)]. But
then |A’||B’| > |A||B|, which contradicts the properties
of Cf [

Claim 3. For any i > 0, all assignments from F; := (A; X
B;) U (A; x B;) are false positives of v on f. Furthermore
for everyi # jwe have F; N F; = @.

Proof. For the first part, it is clear from Claim 2 that as-
signments from A; X B; and A; X B; are false positives of
IlZH /\HEH on f. Since ]lZi,l /\]lFH < r, these are indeed
false positives of r of f. For the second part, let j > i > 0,
F = (Ai X Bi) U (A,‘ X Bi) andFj = (A] X B]) U (A] X B])
are disjoint because both A; and A; are disjoint from A; and
both B; and B are disjoint from B,. O

Claim 4. The function \/521 (L4, A 1p,) is a disjoint rectan-
gle cover of r \ f. Furthermore, if v is balanced, so are the
rectangles from \/521 (g, A1p,).

Proof.



e By construction, the functions (4, A 1p,) are rectangles
with respect to the same partition as r. So if  is balanced,
so are these rectangles.

e Observe that by construction every (A; x B;) C r1(1),
so Vi (Ia, Alp) <.

e By definition of C, assignments from A; X B; are models
of fos0 Vi (14, Alp) <7 Af.

e To prove equality, assume that there exists x a model of r
and f that is not a model of \/i»:1 (14, Alp,), ie. x does
not belong to any A; x B; fori > 0. Then x is in A; X B,

but since A; x B; contains no models of f, this contradicts
our assumption.

This proves that \/L1 (14, A1p,) is arectangle cover of A f.
The only thing left to prove is that the rectangles are disjoint.
To see this, it is sufficient to observe that, foralli > 1, A; C
A;_1 which is disjoint from A;_; and B; C B,;_; which is
disjoint from B;_1. O
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